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Improvements in bioprocess performance can be achieved by genetic modijications of 
metabolic control structures. A novel optimization problem helps quantitatwe under- 
standing and rational metabolic engineering of metabolic reaction pathways. Maximiz- 
ing the performance of a metabolic reaction pathway is treated as a mixed-integer linear 
programming formulation to identifi, changes in regulatory structure and strength and in 
cellular content of pertinent enqmes which should be implemented to optimize a partic- 
ular metabolic process. A regulatory superstructure proposed contains all alternative 
regulatory structures that can be considered for a given pathway. This approach is for-,. 
lowed to find the optimal regulatory structure for maximization of phenylalanine selec- 
tivity in the microbial aromatic amino acid synthesis pathway. The solution suggests 
that ffom the eight feedback inhibitory loops in the original regulatory structure of this 
pathway, inactivation of at least three loops and overexpression of three enqmes will 
increase phenylalanine selectivity by 42%. Moreover, novel regulatory structures with 
only two loops, none of which exists in the original pathway, could result in a selectivity 
up to 95%. 

Introduction 
Improvements in the product yield, rate of production, and 

final product concentration are common goals in achieving 
more efficient and cost-effective bioprocesses. These im- 
provements can be achieved by two main approaches: genet- 
ics and process. Process improvements involve the adjust- 
ment of the environment of the organisms and the optimiza- 
tion of parallel and downstream processes in order to achieve 
the best possible performance. Genetic improvements are 
based on the use of organisms with altered DNA such that 
their functional characteristics are enhanced. Traditionally, 
the latter approach has been based on the introduction of 
random changes in the DNA of a population of organisms 
and the subsequent selection of an improved organism from 
the resulting heterogeneous population. However, recent ad- 
vances in recombinant DNA technology make targeted modi- 
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fications in the DNA of an industrial microorganism possible. 
Moreover, recombinant DNA methods enable the introduc- 
tion into an organism of DNA fragments from other organ- 
isms with the possibility of creating hybrid metabolic net- 
works combining features from metabolic networks in differ- 
ent organisms. 

All the major cellular pathways are subject to a collection 
of natural independent control loops with different signals 
and different loci of action (Sanwal et al., 1971; Savageau, 
1976; Stephanopoulos and Vallino, 1991). These mechanisms 
of metabolic regulation operate at essentially two different 
levels. Genetic-level controls regulate the expression of genes, 
thereby determining which enzymes are present and in what 
quantity. Protein-level controls regulate the activity of partic- 
ular enzymes and other proteins in the cell. With respect to 
protein-level controls, each enzyme can be classified as hav- 
ing no such control, or as having activity modulation by one 
(or more) particular metabolites in the cell. 
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The metabolic control structures in a native, wild-type or- 
ganism have evolved through natural selection and are there- 
fore configured to maximize the probability of survival of the 
species, at least insofar as evolution has progressed. While 
explicit formulation of the objective function for natural 
metabolism is nontrivial, prior investigators have proposed 
maximization of growth rates or most efficient utilization of 
cellular energetic and chemical resources as the objective 
function for evolution of natural metabolism (Savageau, 1976; 
Ramkrishna, 1983; Heinrich et al., 1987; Marr, 1991; Schus- 
ter and Heinrich, 1991). However, in chemical and pharma- 
ceutical manufacturing that utilize cultivated microorgan- 
isms, it is desirable to identify a different configuration of 
fluxes which directs raw materials to products efficiently at 
high rates and in the presence of high concentrations of 
product. A production-oriented evolution is needed to achieve 
these goals. 

Through currently available genetic engineering technol- 
ogy, it is possible to modify both genetic and protein-level 
regulation. Thus, the amount of a particular enzyme which is 
expressed under a particular process condition can be altered 
by changing the genetic information of the organism. Simi- 
larly, by changing the gene that codes for a particular en- 
zyme, the response to metabolites that influence its activity 
can be altered. 

Prior research and industrial practice have clearly shown 
that very large increases in process performance can be real- 
ized by genetic modifications of metabolic control systems 
(Bailey, 1991; Katsumata and Ikeda, 1993). Past improve- 
ments in the performance of a process by modification of the 
control structures were mainly based on trial and error meth- 
ods and on well-understood, relatively simple pathways. As 
the complexity of a set of pathways of interest increases, intu- 
itive and trial and error methods are increasingly ineffective. 
Modifying the regulatory characteristics of an enzyme is 
presently a much more difficult experimental challenge than 
changing the amount of enzyme present in the cell. There- 
fore, guidance as to what changes in regulation might be of 
greatest benefit to improve the network is important. To this 
end, a systematic, multilevel, multiparametric methodology 
for evolving effective control structures is needed. 

To achieve a quantitative understanding and rational 
metabolic engineering of biochemical reaction pathways, 
mathematical descriptions of metabolic systems have been 
developed in many cases, and the expected responses of 
pathways to changes at individual reactions or within certain 
pathway segments have been calculated. A population of liv- 
ing cells is an extremely complex system, so complicated that 
some people doubt the possibility of a credible mathematical 
description, and therefore of quantitative engineering design, 
of any of its attributes. Two different bodies of experience 
contradict this view. First, several complex biological phe- 
nomena have been well described by mathematical models 
which are based on the essential molecular mechanism. Ex- 
amples include regulated gene expression (Lee and Bailey, 
1984b,c), replication of DNA (Lee and Bailey, 1984a), growth 
of bacterial cells (Shuler and Domach, 19831, animal cell cy- 
cle regulation (Hatzimanikatis et al., 1996), and receptor traf- 
ficking (Starbuck and Lauffenberger, 1992). Second, design 
and control of most industrial chemical processes, ranging 
from catalytic cracking to olefin polymerization are based 

upon mathematical models which are known to be only crude 
approximations of physical reality. Most chemical engineer- 
ing applications involve partially understood, approximately 
described complex physical systems. Useful engineering has 
been achieved in many facets of chemical engineering en- 
deavor in spite of this. There is no reason to expect a differ- 
ent outcome in the engineering of complicated, imperfectly 
known cellular processes. 

The modeling approaches previously used can be classified 
into two kinds: linear and nonlinear. Linear models can be 
accessed through analysis of input-output relations and cer- 
tain stimulus-response experiments by applying advanced re- 
gression analysis (Schlosser et al., 1993) or other experimen- 
tal methods developed within and around the metabolic con- 
trol analysis (MCA) framework (Kacser and Burns, 1973; 
Heinrich and Rapoport, 1974; Cornish-Bowden and Carde- 
nas, 1990; Fell, 1992). Nonlinear models, on the other hand, 
can be constructed when detailed kinetic expressions for each 
step in the reaction pathway are known or can be estimated 
(Joshi and Palsson, 1989; Gallazo and Bailey, 1990). Because 
of the greater data requirements for nonlinear model formu- 
lation and validation linear (or log-linear, see below) models 
will often be the only practically accessible description. 

Using the available mathematical description of a biochem- 
ical system, various analytical and computational techniques 
can be used for analysis and optimization of the system. Opti- 
mization techniques have been used in the analysis of bio- 
chemical systems using mainly stoichiometric information and 
metabolic requirements for growth (Majewski and Domach, 
1990; Stephanopoulos and Vallino, 1991; Varma and Palsson, 
1994). These approaches do not require kinetic data; there- 
fore, they cannot be used in order to quantify the effects of 
genetic modifications of enzyme levels and of regulatory 
structures. Optimization of metabolic pathways on the basis 
of a kinetic model developed using experimental data repre- 
sented mathematically using the S-system formalism of bio- 
chemical systems theory (BST) has been presented using lin- 
ear programming (Voit, 1992; Regan et al., 1993). These 
studies provide information only about optimum manipula- 
tion of the external inputs to the system (such as independent 
effectors and external substrates) and do not address the 
problem of optimizing the regulatory structure of the 
metabolic network. 

The objective of this work is to provide a mathematical 
framework for determining changes in regulatory structure 
and strength which should be considered to optimize a par- 
ticular metabolic process. A mixed-integer linear program- 
ming (MILP) formulation is proposed for the general case of 
linear model optimization. The solution of the MILP formu- 
lation provides information on which enzymes should be pres- 
ent at different levels, the extent of such changes needed, 
and the accompanying modifications in the regulatory struc- 
ture that will optimize the process. 

Any mathematical description of cellular processes is an 
approximation, and, genetic manipulation of the cell may 
cause secondary responses which were not considered in the 
mathematical (or the conceptual) model. Therefore, the out- 
put which the metabolic engineer seeks and all that can be 
expected from such optimization calculations are reasonable 
suggestions for changes in the metabolic network which might 
give useful improvements in cellular performance. Strategic 
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guidance, not fine quantitative rules, is the intended outcome 
of these type of calculations. A large body of prior experience 
with engineering of other complex chemical systems clearly 
indicates the value of such an approach, even when models 
are crude approximations, relative to completely ad hoc ap- 
proaches which are, of course, necessarily based on more 
crude mental optimization of much more crude mental mod- 
els. 

Problem Statement 
This article deals with a mathematical description of a 

metabolic pathway with a postulated number of regulatory 
loops. These regulatory loops are classified as either activa- 
tion (increase the activity of the regulatory enzyme) or inhibi- 
tion (decrease the activity of the regulatory enzyme) loops. 
The objective is to determine which of the regulatory loops 
should be retained, and the number, type, and level of ma- 
nipulation of amounts of enzymes to optimize a certain func- 
tion of the outputs of the metabolic pathway (such as produc- 
tion of primary or secondary metabolites, growth, and selec- 
tivity). 

Many metabolic pathways are common to many organisms. 
However, enzymes that catalyze the same reaction in differ- 
ent organisms are not necessarily the same in their catalytic 
and regulatory properties. As discussed in the introduction, 
recombinant DNA methods enable the introduction into an 
organism of the DNA from other organisms with the possibil- 
ity then of combining regulatory features from the metabolic 
pathways present in these different organisms. Moreover, 
protein engineering methods allow modifications of the prop- 
erties of natural enzymes and design of enzymes with novel 
regulatory characteristics. Therefore, the possible number of 
regulatory loops for a certain pathway in an organism ranges 
from the number of the existing loops to this number plus the 
number of additional, different regulatory loops which can be 
introduced into the same pathway by genetic engineering. 

Most generally, we can consider a regulatory superstructure 
in which every metabolite in the system can potentially regu- 
late any enzyme in that system. The mathematical formula- 
tion of such a general regulatory superstructure leads to a 
large combinatorial problem. Its solution will provide the 
maximum or minimum performance achievable for a given 
system, and thus provide valuable insight for protein and 
metabolic engineering. This problem addresses the question 
of how regulation and catalyst levels should be chosen de 
uoue in order to maximize the performance of the metabolic 
network. 

Mathematical Description of Metabolic Reaction 
Networks 

We consider here a linear model description for metabolic 
systems. This is the most common situation because of limita- 
tions in the available information for most systems. Further- 
more, when a nonlinear model is available, it can be lin- 
earized and studied within the same framework. In what fol- 
lows we describe the linearization procedure in a way similar 
to that presented by Reder (1988). 

Consider a metabolic system consisting of n metabolites 
and m enzymatically-catalyzed reactions. We are in inter- 
ested in studying how modifications of the expression levels 
and of the properties of the enzymes that catalyze these reac- 

tions affect metabolic functions of the system, such as 
metabolite concentrations, fluxes, and specific growth rate. 
Mass balances on the metabolites of the system may be writ- 
ten 

(1) 

where x is the n-dimensional metabolite concentration vec- 
tor, f is a function determined by the mass balances, u is the 
m-dimensional reaction rate vector, and p is the s-dimen- 
sional manipulated parameter vector (such as enzyme con- 
centrations). In addition to metabolite reaction rates, the mass 
balance equations also include terms that account for other 
processes by which concentrations of metabolites change 
(such as the dilution brought about by increases in the biomass 
volume (Fredrickson, 1976) and transport through the cell 
wall envelope). 

In addition, consider the r-dimensional vector of metabolic 
outputs h for which we have 

In Eq. 2 h is a function of the rates of interest, of the 
metabolite concentration, and of the parameters. Lineariza- 
tion of Eqs. 1 and 2 around a steady state (nor pol results in 
the following linear system for the logarithmic deviations (see 
Appendix A for explanation of the transformation) 

dz 
dt 
- = NEZ + 3Cz + N IIq + Aq (3) 

w = E . E z + X z + E r I q + @ q  (4) 

where z, q, and w are the logarithmic deviations of the 
metabolite concentrations, the enzyme levels, and the 
metabolic outputs, respectively 

and N ,  E ,  X, A, X, 0, E ,  and n are matrices, defined as 

N = { ni,ilni,j = ui,. ( $) }, 
XO.PO 

X i , o  
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Here the subscript o indicates the reference steady state 
about which the approximate model is developed. Thus, the 
righthand side of Eq. 1 is zero when evaluated at (xo, p,),  
and h ,  denotes the value of h at (xo, p,). 

It should be noted that a mathematical description linear 
in logarithms of the system variables is in fact a nonlinear 
(power law) representation, a functionality well suited to ap- 
proximating closely the nonsingular rational polynomial ki- 
netic expressions typical of metabolic processes. The quality 
of this form of approximate representation of metabolic ki- 
netics will be considered in detail in a future publication. Here 
the nature of this approximation will be tested for one of the 
examples presented by calculating the consequences for the 
original nonlinear model (Eqs. 1 and 2) of the optimization 
strategy determined using the log-linear approximate model 
of Eqs. 3 and 4. 

At steady state, solution of Eqs. 3 and 4 yields 

w = c q  (5) 

where 

with 

The mathematical description described above depends on 
the same information as that employed within the framework 
of metabolic control analysis (MCA) (Reder, 1988; Schlosser 
and Bailey, 1990). Matrices E and ll are the elasticity matri- 
ces with respect to metabolites and to parameters, respec- 
tively. The matrix C is the control coefficient matrix of the 
metabolic functions h with respect to parameters p .  Experi- 
mental determination of the parameters for this linear system 
has been the subject of several studies (Fell, 1992; Cornish- 
Bowden and Cardenas, 1990; Schlosser and Bailey, 1990) and 
in many cases it is the only available description of a metabolic 
system. 

Analysis and Synthesis Problems 
The regulatory structure of a metabolic network is typically 

deduced from experimental analysis of the integrated system 
or from the reported kinetic properties of the enzymes in- 

volved in the pathway. In this case the matrix E can be writ- 
ten as a sum of two matrices 

E = E S + E r  (7) 

where the elements in matrix e correspond to the substrate 
elasticities of the enzymes, that is, the sensitivities of enzyme 
activities with respect to their substrates, and the elements of 
matrix er  correspond to the regulatory elasticities of the en- 
zymes, that is, the sensitivities of enzyme activities with re- 
spect to regulatory metabolites. In this representation, the 
substrates themselves can also be considered as regulatory 
metabolites (in cases such as substrate inhibition) 

Ixi ,  is a substrate for reaction j Q s =  e . . = -  - { 1 9 J s  ;:: ( " 1  ) 
d x i s  x o , p o  

Changes of the elements in matrix E' from nonzero values 
to zero or vice versa correspond to modifications in the regu- 
latory structure of the system. In this study which emphasizes 
the role of control structure, we define the analysisproblem 
in the context of a given control structure which we reason- 
ably assume can be modified only by deleting certain control 
interactions: Which of the existent regulatory loops should be 
inactivated, and what associated changes should be made in 
the manipulated variables (such as enzymes expression levels, 
environmental conditions, and effectors external to the sys- 
tem), in order to optimize the performance of the metabolic 
network? 

The synthesis problem considers the possibility of postulat- 
ing a regulatory superstructure and addressing the problem of 
selecting among alternative regulatory structures for each en- 
zyme. The regulatory superstructure embeds a set of alterna- 
tive regulatory elasticities for each enzyme that correspond to 
different kinds of regulation by each metabolite. In particu- 
lar, the synthesis problem addresses the following question: 
What kind of regulation (activation or inhibition, by which 
metabolite and of what strength) should be assigned to each 
enzyme in the network, and what associated changes should 
be made in the manipulated parameters (such as enzyme ex- 
pression levels, environmental conditions, and effectors ex- 
ternal to the system), in order to optimize the performance of 
the metabolic network? 

The analysis and synthesis problems include discrete deci- 
sions concerning the regulatory elasticities of the system. In- 
activation or activation of a regulatory loop is equivalent to 
elimination or introduction of nonzero terms in the Q '  ma- 
trix. Moreover, the synthesis problem will typically be subject 
to some constraints such as the possible number of regulatory 
actions on each enzyme and the requirement that an enzyme 
cannot be activated and inhibited by the same metabolite. 

On the other hand, the continuously adjustable manipu- 
lated parameters can potentially be subject to discrete con- 
straints, such as the maximum number of these parameters 
that we can manipulate simultaneously. 
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The mixed discrete and continuous nature of the problem 
and the linear description of the system lead to the formula- 
tion of the analysis and synthesis problems as MILP prob- 
lems, solutions of which provide the optimal regulatory struc- 
ture and the optimal parameter configuration of a metabolic 
reaction network. 

Mathematical Formulation 
The mathematical formulation for the synthesis problem as 

a MILP problem is presented in this section. To derive the 
mathematical formulation, the following index sets and vari- 
ables are introduced to characterize the postulated regula- 
tory superstructure. The metabolites will be denoted by the 
index set Z = (i}, the reaction rates by the index set J = ( j } ,  
the manipulated parameters by the index set K = { k } ,  and 
the metabolic outputs by the index set L = {I}. The following 
sets will be defined to establish the connections of the sets of 
metabolites with the reaction rates in the network 

Z i  = E Z is a substrate for reaction j ,  j E J }  

Zj = (irJir E Z is a regulator for reaction j ,  j E J )  

The sets M + = ( m + }  and M - = ( m - }  denote the indices 
for the activation and the inhibition elasticities, respectively, 
that can be applied to each enzyme by each metabolite. The 
regulatory elasticities of the postulated regulatory superstruc- 
ture will be denoted as emji,, where m belongs to the index 
set M = M' IJ M - .  Therefore, emji, will denote the regula- 
tory elasticity of reaction j with respect to metabolite i and 
can be positive (for activation) or negative (for inhibition) with 
a fixed magnitude for each m. 

The continuous variables of the model are the logarithmic 
deviations of the metabolite concentrations zi, the logarith- 
mic deviations of the manipulated variables qk, the logarith- 
mic deviations of the metabolic outputs wl and the reaction 
rates uj. 

A binary variable ymli, is associated with each regulatory 
elasticity emji,. If a regulatory loop with an elasticity emji, is 
active in the network, ymji, is set to 1; otherwise it is zero. A 
binary variable d k  is associated with each manipulated vari- 
able qk.  The introduction of these variables serves as a con- 
trol on the number of the manipulated parameters that are 
allowed to vary. In many cases, practical experimental limita- 
tions allow only a limited number of simultaneous manipula- 
tions of enzyme activities. 

The linearization procedure described earlier transforms 
the rate expressions uj and metabolic output functions h,  to 
the following form 

and 
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WI c 
j E  J 

c 
i ,  E I,' 

zi, 

The second and third terms on the righthand side of Eq. 8 
correspond to the dependence of the rates on the metabo- 
lites, and the fourth term corresponds to the dependence on 
the manipulated parameters. The first and the second terms 
in Eq. 9 correspond to the first term in Eq. 4 and the third, 
fourth, and fifth terms correspond to the second, third, and 
fourth terms in Eq. 4, respectively. 

The presence of binary variables in the formulation of the 
problem introduces bilinear products of continuous and bi- 
nary variables in Eqs. 8 and 9 which make the problem non- 
linear. To circumvent these nonlinearities we follow the mod- 
eling approach applied in Psarris and Floudas (1990) using 
the idea proposed by Petersen (1971) and extended by Glover 
(1975). This is also discussed in Chapter 7 of the book by 
Floudas (1995). 

The basic idea is to introduce new continuous variables for 
each bilinear product 

and 

(10) 

(11) 

and to introduce additional constraints for each (m, j ,  i,) and 
each k ,  which are described in the subsection on constraints. 

Objective function 
The process of interest which we optimize (maximize or 

minimize) can be any of the metabolic outputs or combina- 
tion of them. Note that using Eq. 9 we can treat metabolite 
concentrations and rates as metabolic outputs. Therefore, in 
the case of having a single metabolic function w l  as objective 
we can express the objective function as 

(12) 

Coupling between the various processes in the cell is some- 
times a limitation in the performance of a pathway, even when 
classical metabolic engineering techniques are applied. How- 
ever, we can study within the present framework the follow- 
ing questions: If and how can we decouple the pathway of 
interest from other cellular processes by manipulating the 
regulatory structure of the pathway? If possible, how can this 
decoupling be achieved? The objective function that corre- 
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sponds to this question will be formulated and a correspond- 
ing solution approach will be discussed later. 

Constraints W f I W , I W Y  l € L  (17) 

The metabolic optimization problem is typically subject to 
one or more of the following types of constraints: 

(i) Mass Balance for Each Metabolite i. Equation 3 is the 
set of mass balance equations for the metabolites. Therefore, 
at steady state, the lefthand side of Eq. 3 is set to zero, and, 
for each metabolite x i ,  we have a constraint of the form 

where the first two terms correspond to the first term in the 
righthand side of Eq. 3, and the third, fourth, and fifth terms 
correspond to the second, third, and fourth terms in the 
righthand side of Eq. 3, respectively. 

(ii) Bounds on Metabolites, Manipulated Variables, Rates, and 
Metabolic Outputs. In modeling metabolic pathways it is ex- 
tremely difficult to describe all relevant processes completely. 
Metabolic engineering of the pathway of interest will result 
in changes in metabolite concentrations, metabolic outputs of 
the pathway, and reaction rates. These changes will propa- 
gate into the rest of the cellular processes with unpredictable 
and, in many cases, undesirable effects. 

The concentrations of metabolites should neither exceed 
toxicity levels nor be very low, because it is possible to induce 
responses such as stringent responses that will alter qualita- 
tively cellular activities that are not included in the model. 
Changes in the manipulated variables can have similar ef- 
fects. Overexpression of enzymes can influence growth, and 
an excess of external substrate can result in toxic byproduct 
synthesis. Therefore, variables should be constrained within 
the bounds determined by their physiological ranges for the 
pathway of interest and by the available biological knowl- 
edge. 

Z ~ I Z ~ I Z ~  i E I  (14) 

(1.5) 

Note that variables zi and qk are the logarithmic deviations 
of the concentrations x i  and the logarithmic deviations of the 
parameters p k ,  respectively, from the steady-state value 
around which the linear model has been constructed. As a 
result, their lower bounds can take negative values. 

The reaction rates of the pathway cannot be increased in- 
finitely, and zero values for the fluxes are not generally ac- 
ceptable physiologically. The minimum lower bound for a rate 
will be zero only if the metabolites produced by the corre- 
sponding reaction are provided externally. Reaction rate ex- 
pressions uj and metabolic outputs of the system wl will gen- 
erally be constrained within physiological bounds depending 
on the system under study. Therefore, the bounds of these 
variables will be of the form 

The variables wl represent the logarithmic deviations of the 
metabolic outputs and, therefore, their lower bounds can be 
negative. 

(iii) Constraints for the umji,  Variables. The variables rep- 
resented by umji, are connected with the continuous vari- 
ables zi, and the binary variables ymji ,  via the following con- 
ditions 

Note that the above constraints are linear in zi, and ymji,. 

If ymji,= 1, then they become 
It is interesting to examine the effect of these constraints. 

and the first two constraints imply that umji,= z i ,  while the 
second two constraints simply provide bounds. 

If ymji,= 0, then we have 

zi , -  Z Y I  U m j i , I  zi,- zk 

0 I umji, I 0 

and the second two constraints imply that umji,= 0, while the 
first two constraints are relaxed since zi ,-  ziL/ I 0 and zi ,-  

Similarly, for each of the gk variables we have the follow- 
z i  2 0. 

ing four inequality linear constraints 

for which a .similar analysis holds. 
There are constraints based on 

the binary variables which are associated with the existence 
or nonexistence of various regulatory loops and the activation 
or deactivation of different continuously adjustable manipu- 
lated variables. An important logical constraint is one that 
forbids activation and inhibition of an enzyme by the same 
metabolite. Moreover, when we consider alternative loops 
with the same type of action (inhibition or activation) at dif- 
ferent levels (low or high inhibition), only one of the values 
should be considered. These constraints appear in the formu- 
lation for each ( j ,  i,) 

(iu) Logical Constraints. 
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The maximum number of the regulatory actions for each 
enzyme IZ/,maxI and the maximum number of enzymes that 
each metabolite regulates I JkaI will, in general, impose one 
additional constraint for each j and one for each i 

and 

The simultaneous manipulation of the variables qk will be 
subject to the following constraint 

(25) 

where lKmal is the maximum number of the manipulated 
variables that can be modified simultaneously. This con- 
straint arises from practical and physiological limitations, and 
I KmaI varies from system to system. 

Integer cuts are also introduced such that by solving the 
proposed mathematical model in an iterative way, we can ex- 
clude all the previous solutions to calculate the next best so- 
lution. In this case, when we solve for the n-th best solution 
we have to include n - 1 constraints of the form 

where lBil is the cardinality of the set Bi (the number of the 
elements in the set). 

The proposed mathematical formulation involves continu- 
ous and binary variables. The problem, in its initial formula- 
tion, features bilinearities as products of continuous and bi- 
nary variables. By introducing a new continuous variable and 
four linear inequality constraints for each bilinear term, the 
final formulation involves only linear terms and, therefore, 
becomes a MILP formulation. The solution of the MILP will 
provide the desired optimal regulatory structure. Because of 
its linear nature, the problem is convex and a global solution 
is guaranteed. The model allows constraint flexibility in rela- 
tion with the physical system it describes and is designed to 
encompass feasible manipulations within the set of current 
methods for metabolic and protein engineering 

Computational Studies 
The proposed approach will be illustrated using the aro- 

matic amino acid biosynthetic network in bacteria as an ex- 

Figure 1. Aromatic amino acid synthesis pathway. 
Solid arrows indicate reactions and dashed arrows indicate 
feedback inhibition loops. Chemical species: G6P = 
glucose-6-phosphate; PEP = phosphoenolpyruvate; ATP = 
adenosine triphosphate; ADP = adenosine diphosphate; 
DAHP = 3-deoxy-D-arabino-heptulosonate-7-phosphate; 
CHR = chorismate; PHP = prephenate; PHE = 
pheqylalanine; TYR = tyrosine; TRP = tryptophan. 

ample system. Four specific problems will be postulated and 
solved with the proposed mixed integer linear optimization 
framework. The pathway and the original regulatory struc- 
ture are presented in Figure 1. The pathway has eight regula- 
tory loops all of which are feedback inhibitory loops. In order 
to derive a linear model for the pathway we started from the 
nonlinear model for this presented by Schlosser and Bailey 
(1990). The nonlinear model and the parameters for the lin- 
ear model are presented in Appendix B. 

In the following examples, the following bounds on the log- 
arithmic deviations of the metabolite concentrations were im- 
posed 

which implies that we allow the concentrations of the 
metabolites to vary between 13.5% and 639% of the refer- 
ence steady state. These wide bounds might allow concentra- 
tions that can be toxic to the organism or that induce stress 
responses that will affect other cellular activities. We use such 
wide bounds in the interest of exploring the structure of this 
example and the characteristics of its optimal solution. If 
needed to accommodate physiological limitations, tighter 
constraints on metabolite concentrations can certainly be 
considered within this formalism. 

The only physiological constraint which will be introduced 
constrains the specific growth rate p to its reference steady 
value 

ww = 0 (28) 

The only consideration in the model used in this example for 
the effects of manipulation of the aromatic amino acid 
biosynthesis network on the rest of the organism's metabolism 
is the dependence of the specific growth rate on the aromatic 
amino acid concentration levels (Appendix B). By imposing 
the above constraint, we essentially constrain the solutions to 
the ones that are consistent with other requisite coupled 
metabolic activities of the cell. 

The first example deals with the modification of the exist- 
ing regulatory and activity structure. The second, the third, 
and the fourth examples assume that the metabolic pathway 
has no regulation at the outset, and consider what regulatory 
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connections, with what strength, should be introduced so as 
to optimize the objective. 

The procedure for solving the examples, equally applicable 
to any other metabolic network optimization problem of the 
class formulated earlier, was implemented using the high-level 
modeling language GAMS (general algebraic modeling sys- 
tem), into an algorithmic procedure named METAOPT 
(METAbolic network OPTimization). The procedure accepts 
the mathematical model and the postulated regulatory super- 
structure as a set of matrices and is interfaced with CPLEX, 
a mixed-integer linear programming solver. At each solution, 
the optimal regulatory structure is used to form an integer 
cut constraint, and the problem is solved again for the next 
best structure. This way a sequence of several solutions is 
generated. The following computational studies were run on 
a HP/730 workstation with a Unk-based operating system. 

Problem 1 
The question addressed in the first problem can be stated 

as follows: Which of the existing regulatory loops should be 
inactivated and what should be the associated changes in the 
enzyme expression levels to maximize the phenylalanine se- 
lectivity? 

The phenylalanine selectivity is defined here as the rate of 
phenylalanine production divided by the overall rate of all 
aromatic amino acids (phenylalanine, tyrosine, and trypto- 
phan) production 

(29) 

The initial number of the regulatory loops is equal to eight, 
which can be either active or inactive and in any possible 
combination. Therefore, there are 2' = 256 alternative regu- 
latory structures. The six enzymes of the pathway are the 
continuously adjustable variables for which we set the bounds 

0 5 qk I In (2) k = 1,. . . , 6  (30) 

The zero value for the lower bound means that enzyme 
down-regulation is not feasible. On the other hand, the value 
ln(2) for the upper bound allows enzyme overexpression up 
to twice the level of the reference state. In practice, overex- 
pression of an enzyme can result in higher levels; however, 
since we study a linear model for which the enzyme levels are 
the inputs, we do not permit large deviations in the input 
values so as to stay better within the range in which the lin- 
ear model is a good approximation to the original nonlinear 
model. Only the six enzymes are considered as the continu- 
ously adjustable inputs, and the concentrations of the precur- 
sors (metabolites feeding into the reaction network consid- 
ered here) remain constant at their reference values. There- 
fore, the following constraints are needed to inactivate 
changes in the precursors 

d ,  = 0 k = 7,8,9 (31) 

The objective function to be maximized is the ratio of the 
phenylalanine production rate divided by the overall rate of 

the aromatic amino acids production. Equation 29 in lin- 
earized form is written as in Eq. 4 

(32) 

where 

BSphe= [O, 0, 0,0.572665, -0.439811, -0.1328551 

and XsPh, and Osp,, are zero vectors. The selectivity for the 
reference state is 

Sphe,o = 0.427335. 

No improvement in this value could be achieved only by en- 
zyme overexpression, without having an effect on the growth 
rate. 

The MILP optimization model discussed in the previous 
section was solved and four alternative regulatory structures 
were identified corresponding to the optimal value for the 
phenylalanine selectivity. The problem consisted of 65 vari- 
ables (48 continuous, 17 binary) and 94 equations, and the 
first optimal solution was found within 0.26 CPUs. The struc- 
tures are presented in Figure 2 (cases a-d) and the value of 
the objective function for all four solutions is 

Solid arrows indicate reactions, dashed arrows indicate in- 
hibitory loops, and thick solid arrows indicate enzyme over- 
expression for the respective reaction. In solutions b-h the 
reaction numbering has been omitted for clarity. 
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Table 1. Continuous Variables for the First Four Best 
Solutions of Problem 1 

zi 4i 
i Cases a-d Case a Case b Case c Cased 
1 -0.28302 0.13926 0.21329 0.13837 0,21418 
2 -1.0 0.0 0.0 0.0 0.0 
3 -0.67889 0.36149 0.36149 0.36149 0.36149 
4 0.45238 0.69315 0.69315 0.69315 0.69315 
5 -0.59375 0.0 0.0 0.0 0.0 
6 -0.10233 0.0 0.0 0.0 0.0 

Sphe,opt - - 0.605883 

The overexpressed enzyme levels and metabolite concentra- 
tion levels associated with each regulatory structure are pre- 
sented in Table 1. The concentrations of the metabolites are 
the same for all four solutions. The results suggest that the 
optimal selectivity can be achieved by inactivation of at least 
four regulatory connections (u ,  by DAHP, u3 by TYR, u, by 
PHE, and u, by TRP) and that three enzymes should be 
overexpressed, specifically the enzymes that catalyze reac- 
tions 1,3 and 4. 

Four more alternative regulatory structures correspond to 
a value of 0.601315 for the selectivity. These structures are 
also presented in Figure 2 (cases e-h), and the associated 
enzyme and metabolite levels are presented in Table 2. Again, 
the three enzymes that should be overexpressed correspond 
to reactions 1, 3, and 4. However, the minimum number of 
the regulatory loops that should be inactivated is three ( u ,  by 
DAHP, u3 by TYR, and u4 by PHE). Case f among these 
results is attractive since implementing it requires less effort 
than other solutions presented from the genetic and protein 
engineering point of view. 

Examination of the eight regulatory structures indicates 
that the phenylalanine selectivity can be significantly im- 
proved, while maintaining constant specific growth rate, by 
inactivating at least three regulatory structures and overex- 
pressing three enzymes. While inactivation of the inhibition 
of u4 by PHE is quite obvious, the rest of the manipulations, 
all considered subject to the constraint on the growth rate, 
cannot be easily anticipated a priori. 

In this problem which begins with a specified nonlinear 
model including enzyme regulation, the metabolic design 
strategy determined by the MILP optimization of an approxi- 
mate log-linear model can be tested using the original nonlin- 
ear metabolic model. Such calculations for the strategies des- 
ignated a-d give Sphe = 0.66730, and Sphe = 0.86544 for the 
strategies designated e-h. These selectivities substantially ex- 

Table 2. Continuous Variables for the Second Four Best 
Solutions of Problem 1 

.~ ~ ~ 

z, 
i Cases a-d 
1 -0.31840 
2 -1.0 
3 -0.71270 
4 0.41735 
5 -0.62333 
6 -0.04290 

4i 
Case e Case f Case g Case h 
0.17594 0.09728 0.09766 0.17631 
0.0 0.0 0.0 0.0 
0.31102 0.31102 0.31102 0.31102 
0.69315 0.69315 0.69315 0.69315 
0 .o 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 

ceed that for the reference state, indicating that, as desired, 
the approach described here provides useful guidance to- 
wards effective metabolic design. It should be noted that the 
full nonlinear model, when subjected to the modifications 
computed using the log-linear model, no longer displays all 
the properties of the log-linear model. In particular, all of 
the constraints imposed are no longer exactly satisfied. For 
example, specific growth rate is decreased somewhat when 
these strategies are applied to the original nonlinear model. 
The changes observed are well within an acceptable range 
from a biological and process point of view. The purpose of 
this work is to provide reasonable guidance for starting opti- 
mization of a metabolic system. Efforts to seek an optimum 
for a real system will always require further experimental re- 
finement. 

Problem 2 
In this problem the aromatic amino acid pathway is consid- 

ered without any regulatory connections, and we postulate a 
regulatory superstructure such that any of the first six reac- 
tions can be inhibited by any of the six metabolites with an 
inhibition strength of -0.75 or -0.075. We allow only two 
regulatory connections for each enzyme and three enzyme 
level manipulations. The questions addressed in this problem 
to maximize the phenylalanine selectivity are the following: 

(i) Which pair of metabolites should inhibit each reaction? 
(ii) What are their inhibition strengths? 
(iii) Which three enzymes should be overexpressed? 
(iv) What should be their expression levels? 
The use of discrete values for the level of the inhibition 

allows preservation of system linearity and provides qualita- 
tive information about the order of magnitude of the regula- 
tory loop strength. This problem can provide us with infor- 
mation about the maximum selectivity which can be achieved 
for this model. 

In the formulation of the problem two regulatory elasticity 
matrices are introduced 

e; = {qji,= -0.7511 5 j I 6 and 1 I i, I 6) 

E ;  = {eZj i ,=  -0.07511 5 j I 6 and 11 i, 5 6) 

The problem was solved with the same bounds on the con- 
tinuous variables. Moreover, we introduced three additional 
logical constraints. The first one takes the form 

and allows for only one level of inhibition chosen from the 
two different orders of magnitude allowed. The second one is 

and allows for only two regulatory connections for each en- 
zyme. The third one is 
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and allows any of the six enzymes to be regulated by any of 
the six metabolites. Under these constraints the number of 
the alternative regulatory structures we can build around the 
pathway for this problem are 247. 

The resulting mathematical formulation accounts for 193 
variables (112 continuous, 81 binary) and 393 constraints. The 
problem was solved and the optimal solution Sphe,opt found 
in 19.56 CPUas was 1.05938. This value is greater than the 
actual upper bound for the phenylalanine selectivity (Eq. 291, 
because we used as the objective function the logarithmic se- 
lectivity (Eq. 32) which is a linearized approximation of Eq. 
29 and is not subject to any upper bound. On the other hand, 
the value for the optimal selectivity is 0.818672, if calculated 
from the solution linearized rate expressions used in Eq. 29. 
This solution suggests that for the parameters chosen for the 
system and with an optimized regulatory structure we can in- 
crease the selectivity up to 95% by simply manipulating only 
three enzymes without affecting the specific growth rate. 

The problem has multiple regulatory structures that result 
in the same optimal objective value. However, we are inter- 
ested in the structures that achieve the optimal performance 
but have the minimum number of regulatory loops since the 
creation of these loops is very difficult. Therefore we formu- 
late a new objective function 

with the additional equality constraint 

(37) 

where Wphe = 0.908115 
The solution to this problem resulted in only four alterna- 

tive regulatory structures presented in Figure 3; the corre- 
sponding values for the continuous variables are presented in 
Table 3. The minimum number of loops is equal to two, the 
elasticity for each loop is -0.75, and the three enzymes that 
must be manipulated are the enzymes that catalyze reactions 
1 , 4  and 6. Moreover, we observe that the regulatory metabo- 
lites are only two, CHR and PHE, and the enzymes that 
should be regulated are the ones that catalyze reactions 5 
and 6. The number of different structures is equal to the 
number of all possible combinations of two reactions regu- 
lated by two metabolites, with only one regulatory connection 

lbl I 
L I 

-DAHP-CHR -PHP I)-PHE 

L I 

-DAHP-CHR -PHP -PHE 

TRb TYR 

Figure 3. Four best solutions from problem 2. 
Solid, dashed, and thick arrows as in Figure 2. In solutions 
b-d the reaction numbering has been omitted for clarity. 

allowed for each reaction. Therefore, the solution suggests 
that the enzymes that catalyze reactions 5 and 6 in the path- 
way should be engineered, if possible, so that both will be 
inhibited by either CHR and PHE. Once this regulatory 

Table 3. Continuous Variables for the Second Four Best Solutions of Problem 2 

Case a Case b Case c Case d 

i zi 9i zi 4i zi 4i zi 4i 
1 0.08347 0.03100 0.08302 0.03083 0.08346 0.03100 0.08302 0.03083 
2 1.34812 0.0 1.34606 0.0 1.34811 0.0 1.34606 0.0 
3 0.66751 0.0 0.48125 0.0 0.66751 0.0 0.48125 0.0 
4 1.50038 0.48497 1.50038 0.60071 1.50038 0.48497 1.50038 0.60071 
5 - 1.0 0.0 - 1.0 0.0 - 1.0 0.0 - 1.0 0.0 
6 - 1.0 0.43690 - 1.0 0.32129 - 1.0 0.32270 - 1.0 0.43703 
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structure has been successfully realized, the enzymes that 
catalyze reactions 1, 4 and 6 should be cloned and overex- 
pressed simultaneously. 

Problem 3 
This problem is the same as the previous one except that 

we would like to design a regulatory structure for which only 
enzyme activation is allowed. We consider again that any of 
the first six reactions can be activated by any of the six 
metabolites with strength 0.75 or 0.075, and only two regula- 
tory connections for every enzyme and three enzyme manipu- 
lations are allowed. To maximize the phenylalanine selectiv- 
ity the questions to be addressed are: 

(i) Which pair of metabolites should activate each reac- 
tion? 

(ii) What are their activation strengths? 
(iii) Which three enzymes should be overexpressed? 
(iv) What should their expression levels be? 
The mathematical formulation is the same as for problem 

2 except that the elasticity matrices are 

E; = {qji,= 0.7511 I j I 6 and 

E; = { E ~ ~ ~ , =  0.07511 I j I 6 and 

1 I i ,  I 6 )  

1 I i ,  s 6 )  

The size of this problem is the same as the size of the 
previous problem, and it consists of 393 constraints and 193 
variables (1 12 continuous, 81 binary). The optimal solution to 
this problem was found, within 249 CPUes, to be 1.05938 
which is the same as before. The value for the optimal selec- 
tivity, calculated from the ratio of the linearized rate expres- 
sions was again 0.818672, and multiple regulatory structures 
were found to correspond to the optimal value. Therefore, 
we solved the problem with the objective function (Eq. 36) 
and the additional equality constraint (Eq. 37). 

The minimum number of regulatory activation loops that 
correspond to the optimal selectivity is equal to 3, and 37 
alternative regulatory structures were identified. The regula- 
tory elasticities for every structure were equal to 0.75. Analy- 
sis of the alternative structures indicates that the enzymes 
that catalyze reactions 4, 5 and 6 should be activated (this is 
true in all 37 cases), and that these steps should be the target 
of any attempt to engineer the regulatory features of the 
pathway. Moreover, out of the 60 possible combinations only 
12 combinations of enzyme levels should be manipulated. 
These combinations and the number of the number of the 
alternative regulatory structures for each combination are 

Table 4. Alternative Regulatory Structures for Each of the 12 
Combinations of Enzyme Overexpressions from Problem 3 

C - 

_ - - - - _ _  

Figure 4. Twelve of the 37 best solutions from problem 
3. 
Solid and thick arrows as in Figure 2. Dashed arrows indi- 
cate activation. In solutions b-1 the reaction numbering has 
been omitted. 

presented in Table 4. In Figure 4 the structures that corre- 
spond to the manipulation of enzyme levels for reactions 1, 2 
and 4, are presented, and the associated changes in the ex- 
pression levels and the metabolite concentrations are given in 
Table 5. 

Problem 4 

lem, a combination of problems 2 and 3, is formulated as: 
To maximize the phenylalanine selectivity, the last prob- 

-~ 
Overexpressed 
Enzymes 1,2,4 3,4,6 1,4,5 1,4,6 1,2,5 1,2,6 
Number 
of Solutions 6 6 5 4 3 3 

Overexpressed 
Enzymes 1,5,6 2,3,4 2,3,6 3,5,6 3,4,5 123 
Number 
of Solutions 3 3 1 1 1 1 

(i) Which pair of metabolites should regulate each reac- 

(ii) What should be the type of regulation (activation or 

(iii) What is the strength of the regulation? 
(iv) Which three enzymes should be overexpressed? 
(v) What should their expression levels be? 
We have four elasticity matrices 

tion? 

inhibition)? 
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Table 5. Continuous Variables for Six Solutions of Problem 3 
(Cases a-f from Figure 4) 

Case a Case b Case c 

a 

i zi 9, 

2 1.35478 0.37064 
3 1.27053 0.0 
4 1.50038 0.11026 
5 -1.0 0.0 
6 -1.0 0.0 

1 -0.91840 0.02832 

Case d 

i Zi 4i 

d 

a; Z; 4i Z: 

b 

- *  

-0.91830 0.02823 - 0.18806 0.02872 
1.35368 0.37051 1.33065 0.09889 
1.17193 0.0 -0.91641 0.0 

e 

1.50038 0.17153 1.50038 0.34393 
- 1.0 0.0 - 1.0 0.0 
- 1.0 0.0 - 1.0 0.0 

Case e Case f 

Zi 9i Zi 4i .. 

1 - 0.18806 0.02873 - 0.91677 0.02674 - 0.91677 0.02674 
2 1.33066 0.09889 1.33506 0.36844 1.33504 0.36844 
3 -0.91641 0.0 -0.51808 0.0 -0.51808 0.0 
4 1.50038 0.47122 1.50038 0.09641 1.50038 0.22042 
5 -1.0 0.0 -1.0 0.0 - 1.0 0.0 
6 -1.0 0.0 - 1.0 0.0 - 1.0 0.0 

E ;  = {elji,= -0.7511 I j I 6 and 1 I i, 5 6) 

E ; = { E ~ ~ ~ , =  -0.07511 I j I 6 and 1 I i, I 6) 

E ;  = (qji,= 0.7511 I j I 6 and 1 I i, I 6) 

ei  = ( E ~ ~ ~ , =  0.07511 I j I 6 and 1 I i, I 6) 

and the rest of the constraints and the bounds are the same 
as in the two previous problems. The number of alternative 
regulatory structures is 259. The problem featured 681 con- 
straints and 337 variables (184 continuous, 153 binary), and 
the first optimal solution was found in 156 CPU.s. 

As before, the value for the optimal selectivity was equal to 
1.05938, and the ratio of the linearized rates again was 
0.818672. This optimal value corresponds to multiple regula- 
tory structures and combinations for enzyme manipulations. 
Therefore, we solved the problem again in order to find the 
minimum number of the regulatory loops that correspond to 
this optimal value. 

The minimum number of loops was 2, the regulatory elas- 
ticities were 0.75 and - 0.75 for the activation and the inhibi- 
tion loops, respectively, and the number of structures with 
only two regulatory loops was 10. As expected, the four struc- 
tures found in problem 2 are also included in this set of 
structures. In Figure 5 the six new regulatory structures are 
depicted, and in Table 6 the corresponding values of the ex- 
pression level of the enzymes are presented. 

In all of the optimal regulatory structures involving activa- 
tion and inhibition we observe three main characteristics: 

(9 Only the enzymes that catalyze reactions 5 and 6 are 
regulated. 

(ii) The enzyme that catalyzes reaction 5 is always inhib- 
ited, and the enzyme that catalyzes reaction 6 is always acti- 
vated. 

(iii) DAHP, TRP, and TYR act as activators, and CHR 
and PHE act as inhibitors. 

These observations clearly suggest that, if possible, the en- 
zyme that catalyzes reaction 5 should be designed so that it is 
inhibited by CHR or PHE, and the enzyme for reaction 6 
should be designed so that it is activated by DAHP or TRP 
or TYR. Moreover, if modification in the regulatory struc- 

I I 
I 1  

Figure 5. Six best solutions from problem 4 that feature 
activation and inhibition. 
Solid and thick arrows as in Figure 2. Dashed arrows indi- 
cate regulation, (+)  indicates activation and (-1 inhibition. 

ture is accompanied by overexpression of the enzymes for re- 
actions 1, 4 and 6, for any combination of the just listed regu- 
latory patterns will be successful, except for DAPH-activated 
reaction 6. If, on the other hand, the enzymes for reactions 1, 
2 and 4 are overexpressed, the regulatory structure should be 
designed so that reaction 6 will always be activated by DAHP. 

Discussion 
Linear models have been used within MCA in order to 

characterize and identify the enzymes that limit the perform- 
ance of metabolic pathways. Such linear models can provide, 
for each metabolic function, its control coefficients, defined 
as the fractional changes of the metabolic function expected 
for a unit fractional change in the amount of each enzyme or 
external effector participating in a given pathway. Experi- 
mental, theoretical, and computational analyses have shown 

Table 6. Continuous Variables for Six Solutions of Problem 4 
(Cases a-f from Figure 5) 

Case a Case b Case c 

i zi 4i zi 9; zi 4i 
1 0.08302 0.030832 0.08346 0.03100 0.08346 0.03100 
2 1.34606 0.0 1.34811 0.0 1.34811 0.0 
3 0.48125 0.0 0.66751 0.0 0.66751 0.0 
4 1.50038 0.60071 1.50038 0.48497 1.50038 0.48497 
5 -1.0 0.0 -1.0 0.0 -1.0 0.0 
6 -1.0 0.06174 -1.0 0.06161 -1.0 0.06161 

Case d Case e Case f 

i zi 4; Zi 4i Zi 4i 
1 0.08302 0.03083 - 0.91785 0.02779 - 0.91768 0.026724 
2 1.34606 0.0 1.34811 0.36989 1.34607 0.36967 
3 0.48125 0.0 0.66751 0.0 0.48127 0.0 
4 1.50038 0.60071 1.50038 0.48497 1.50038 0.60070 
5 -1.0 0.0 -1.0 0.0 -1.0 0.0 
6 -1.0 0.06174 -1.0 0.0 -1.0 0.0 
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that the existence of a single enzyme which limits a metabolic 
process should not be presumed, and overexpression of a lim- 
iting enzyme results in a shift of the limitation to other steps 
in the pathway. Many of these studies have attributed these 
responses to the coupling between different pathways through 
regulatory connections and the fact that they share metabo- 
lites (Kacser and Burns, 1973; Savageau, 1976; Cornish- 
Bowden and Cardenas, 1990; Bailey, 1991). 

One effective way to manipulate metabolic pathways is to 
implement pathways that are desensitized and decoupled 
from other cellular activities, and limited by a minimum num- 
ber of enzymes. These objectives can be formulated and stud- 
ied following the approach described above. 

If in Eqs. 3 and 4 we set a manipulated variable qk equal 
to one and the rest of the manipulated variables equal to 
zero, the metabolic functions w will be equal to the control 

The approach, implemented in METAOPT, was applied to 
the study of the aromatic amino acid pathway in bacteria. 
The solution allows the identification of the regulatory struc- 
tures and the associated changes in the enzyme levels that 
result in an optimal phenylalanine selectivity. Multiple regu- 
latory structures were found to correspond to optimal solu- 
tions. The consistent patterns identified within these solu- 
tions helped in the postulation of design principles that were 
effective when applied to the full nonlinear model on which 
the first example is based. For the other examples, in which 
new patterns of enzyme regulation were considered as op- 
tions, there is not a unique transformation from the log-lin- 
ear model used here to a corresponding nonlinear model. The 
implications of this will be examined in the future employing 
the MINLP framework now being developed. 

coefficients of these functions with respect to this manipu- 
lated variable. Then, the problem of adjusting the control co- 
efficients close to a desired value wf can be written as 
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T (38) min(w - wf )  (w - wf) 

subject to the same constraints introduced in the above math- 
ematical formulation. In the special case that wf = 0, we study 
the problem of decoupling functions w from other cellular 
processes for which qk is an output. This problem is nonlin- 
ear in the objective function and combines both discrete and 
continuous variables and as a result can be formulated as a 
mixed-integer nonlinear programming (MINLP) problem. An 
optimization framework that can address the analysis and 
synthesis problem of metabolic pathways for nonlinear mod- 
els is presently being developed. 

The results presented above for the analysis and synthesis 
of the regulatory structure of the aromatic amino acid path- 
way do not take into account the stability and the dynamic 
characteristics of the network with alternative regulatory 
structures. Even if a system is stable, obtaining desirable 
transient responses associated with changes in the manipu- 
lated variables and the dynamic responses to fluctuations in 
the parameters of the system have been proposed as criteria 
for optimization of metabolic processes (Torres, 1994). The 
approach introduced in this work cannot explicitly formulate 
objectives associated with such dynamic characteristics, but 
can allow the generation of a sequence of optimal alternative 
regulatory structures which can be reordered based on their 
dynamic performance using simulation analysis and process 
control tools. 

Conclusions 
In this article we present a novel approach to the analysis 

and synthesis of metabolic pathways. The problem of design- 
ing the regulatory structures built around a given metabolic 
reaction network was formulated as a MILP optimization 
problem. A synthesis approach has been proposed which as- 
sumes that the metabolic pathway of interest has no regula- 
tion, and considers which regulatory structure optimizes the 
objective. Assuming that a linear model for the pathway of 
interest is given, integer variables were introduced to denote 
the existence or nonexistence of the postulated regulatory 
loops. 
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Appendix A 
The logarithmic transformation used for the linear descrip- 

tion of metabolic systems will be detailed. Consider the non- 
linear dynamical system 

where x is the n-dimensional independent variable vector and 
p is the s-dimensional parameter vector. Let x, be a steady 
state, or one of the steady states in case of steady-state multi- 
plicity, that corresponds to the parameter vector values p a ,  
and with nonzero, positive elements. Linearization around 
this steady state will result in the linear system 

if we define the matrices X, and P, to be the diagonal ma- 
trices with diagonal elements X,,ji = xo,i and = p,,;, re- 
spectively. Then, for the linear system we can write 

In the above equation we can redefine the following vectors 
for the scaled variables and parameters 

Pi - Po,i 

Po,i 
q = P,-l(p - p , )  * qi = ~ 

Given the above definitions we can also observe that 

On the other hand, for any logarithmic function of variable y 
we can write for up to first-order approximation the Taylor 
series around a reference value yo 

Therefore, for the scaled variables z and the scaled parame- 
ters q we can write 

z i = l n (  z) 
and 

Finally, by defining 

fi 
’ xo,i 

g .  = - 

we can write the linearized system for the logarithmic devia- 
tions, noting that [z,, q,] = [0, 01 
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In Eq. 3 for example 

and 

We also have three expressions that account for the incor- 
poration of the amino acids into biomass 

and six expressions that account for the dilution brought about 
by increases in the biomass 

The growth function p used is 

Y PHE I[ TYR I [  TRP 1 [PEP]  
(0.25+ Y ) ( l 8 + [ P H E l ) ( 1 3 + [ ~ 1 ) ( 5 +  [TRP1)(0.005923+ [PEP])  

p = 0.014 

Appendix B 
The rate expressions for the aromatic amino acid pathway 

are taken from Schlosser and Bailey (1990). Here we con- 
sider only the aromatic amino acid biosynthesis reactions as 
an isolated, model subsystem of overall metabolism. In par- 
ticular the glucose catabolic reactions considered by Schlosser 
and Bailey (1990) are not included here. The parameter val- 
ues used for the dissociation constants are the same as in 
Schlosser and Bailey (1990) where the references for the esti- 
mation of these parameters can be found. The values for uj,,,, 
have been adjusted to give steady-state values similar to those 
found in bacterial cells for [G6P]  = 0.8 mM, [PEP] = 0.1 mM, 
[ ATP]  = 2.5 mM, [ ADP] = 0.4271 mM, and [ A M P ]  = 0.0729 
mM. The rate expressions for the 6 enzymatically catalyzed 
reactions in the pathway are 

where 

[ ATP] +0.5[ ADP]  
[ A T P ]  + [ ADP]  + [ A M P ]  

Y =  

The mass balance equations for each of the metabolites in 
the aromatic amino acid pathway is given by 

0.79 0.2 0.01 

l+[PHE1/53 + 1+[TYR1/40 + l+[TRpI /16  
u1 = 'm,I  0.0002 0.1 

+ E) (1 + 50[ DAHP 1) + - ( [ P E P ] [ G 6 P ]  [PEP] [ G 6 P ]  +' 
[DAHP][  PEP][ A T P ]  

( 2  + [ DAHP])(0.00867 + [ PEP])(O.9281+ [ A T P ] )  u2 = u,,2 

where 
The stable steady state at which the linear model was con- 

structed is 

V z =  [710,22,474,64,10.5,281 x,'= [3.41404, 30.3097, 0.609277, 263.660,321.496, 82.68661 
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and the values for the rates at these values are and for the matrices II and A we have 

1 0 0 0 0 0 0.046747 0.905114 0 
0. 1 0 0 0 0 0 0.079740 0.270733 

v,T = [ 9.340355 9.310362 7.843243 3.862561 3.9753291 

0 . 0 1 0 0 0  0 0 0 
0 . 0 0 1 0 0  0 0 0 
0 . 0 0 0 1 0  0 0 0 

v:'= [ 1.200839 0.474409 1.150880 1.546221 0.029994 
0.266281 0.005353 2.316340 2.824449 0.7264301 

For the matrix N in Eq. 1 we have L O .  0 0 0 0 1 0.613340 0 0.270733 

2.735867 - 2.727082 0 0 0 0 

12.873042 -6.339585 -6.524671 0 
0 0.307175 -0.258770 0 0 -0.039619 

N = l  0 0 0.014650 0.01 0 2365 0 0 
0 0 0 0 
0 0 0 0 0 0.014523 

The elasticity matrices at the steady state are 

and 

0 0 0 0 0 0  
0.369410 0 0 0 0 0  

0 0.061901 0 0 0 0 
0 0 0.6213970 0 0 
0 0 0.6213970 0 0 
0 0.061901 0 0 0 0 

-0.899843 0 0 -0.705837 -0.126183 -0.008709 
0 0 0  0 0 0 
0 0 0 -0.840591 -0.889349 0 
0 0 0 -0.840591 0 0 
0 0 0  0 0 0 I 0 0 0  0 0 - 0.837871 

A =  

0 0 0 0 0 0 0 -0.000491 -0.001119 
0 0 0 0 0 0 0 -0.000491 -0.001119 
0 0 0 0 0 0 0 -0.000491 -0.001119 
0 0 0 0 0 0 0 -0.000819 -0.001865 
0 0 0 0 0 0 0 -0.000691 -0.001574 

-0 0 0 0 0 0 0 -0.000812 -0.001849 

The parameters in Eq. 9 that correspond to specific growth 
rate are 

For the matrix X in Eq. 3 we have 

- 0.008785 0 0 - 0.000561 - 0.000341 - 0.000501 
0 - 0.008785 0 - 0.000561 - 0.000341 - 0.000501 

0 - 0.008785 - 0.000561 - 0.000341 - 0.000501 
0 - 0.009721 - 0.000569 - 0.000835 

0 0 0 - 0.000790 - 0.009266 - 0.000705 
0 0 0 -0.000928 -0.000564 -0.009613 

H We consider the enzymes of the first six reactions as the z,=O 
manipulated variables. Moreover, the three precursor 
metabolites are also treated as manipulated variables. There- 
fore, we can write for the manipulated variables the vector 

X, = [0, 0, 0,0.063907,0.038864,0.057021] 

@, = [0, 0, 0, 0, 0, 0, 0,0.055918,0.127322] 

p T = [ U , , l ,  u,,z, u,,3, U m 3 4 ,  U , , 5 ,  u,,6, [G6PI, [ P E P ] ,  [ATPI] ManuscriptreceiuedMar. 17, 1995, and revision receiuedAug. 18, 1995. 
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